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The shape memory alloy (SMA) are widely applied in civil construction. among the
various SMAs, except Ni-Ti SMAs, Cu-based SMAs(e.g. Cu-Al-Ni, Cu-Zn-Al and Cu-Al-Mn
alloys) are the most potential ones for large-scale industrial applications because of
their low cost. SMA have good super-elastic and shape memory effect, and be applied
in many engineering field very widely. Many scholars study the constitutive model of
the SMA material, and build many models to describe relationship between strain and
stress. Four constitutive models are introduced detail and some parameters of the
equations is determined by formula, those constitutive model include Tanaka constitutive
model, Liang-Rogers constitutive model, Brinson constitutive model and Boyd-Lagoudas
constitu-tive model. Each constitutive model is induced detail base on thermos-mechanics,
thermodynamics and phase transformation dy-namics and some mechanical assumptions.
Other constitutive models are introduced also base on the four constitutive models. Those
constitutive model of The SMA material is studied to established foundation for further
research.

Keywords: constitutive model; shape memory alloy; thermo-mechanics and thermody-
namics.

IIpepcraBiera HekoTOpad KOHCTUTYTHBHAS MOJeJb MaTepHalia CTOJ0YATO-3€PHUCTHIX
cnnasoB  Cu,,AlgMn,; ¢ mamarsio dopmsr (SMA), B ToM uncie KOHCTHUTYTHBHAS MOJeJb
Tanaky, KOHCTUTYTHBHAA Mojenb Jlau-Pomikepca, KOHCTUTYTHBHAA MojJedb Bpuncona u
KOHCTUTYTUBHasA Mojenab Boiina-Jlarygaca. QuarpamMMma oTHOIIeHUN Mexay nedopmanueit u
HampsaKeHneM MaTepuana SMA omnucbiBaeTcs ypaBHeHUMeM AedopMaluy U HATOPAKEHUA,
HEKOTOpBlEe TIAPaAMeTPhl 9TUX YPABHEHUIl BBOAATCA Oojee moapobHo. IlpeasmoskeHHas KOH-
CTUTYTUBHAS MOAeNsL MaTepmana SMA wusyuaeTcd B KayecTBe OCHOBBI AJfA JadbHeHmInx
uccJaeOBaHU.

BupuyeHHs KOHCTHTYTMBHOI Mojexi crosmyaro-zepuumerux cmaasis Cu, AlgMng, 3
nam’arrio dopmu. Liu Wei, Chen Changbing
IIpencraBieHo nesARy KOHCTUTYTHUBHY MOJeJdb MaTepially CTOBIYATO-3€PHUCTUX CILIABiB
Cuz4AligMny, 5 mam’arrio popmu (SMA), y Tomy umeni KoHCTHTYTUBHA Mojens Tamakwu,
KOHCTUTYTHUBHA Mopaenb Jlau-Pomepca, KOHCTUTYTUBHA MO/IeJb DPiHCOH i KOHCTUTYTHUB-
Ha wMoxzeab DBoitga-Jlarygaca. J[iarpama BigHocumH i pgedopmaniero i Hampyrorwo
marepiany SMA omnucyerbes piBHAHHAM gedopmanii i mampyru, gesdki mapaMmerpu UX
PiBHAHL BBOAATHBCH OiNBII JOKJAAHO. 3AIIPOIIOHOBAHA KOHCTHUTYTHUBHA MOIEJ/Ib MaTepianay
SMA BUBUYAETHCA B AKOCTI OCHOBM IJS HOLAJBIINX JOCHiIMKEHb.
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1. Introduction

Because that the shape memory alloy
(SMA) material have shape memory effect
and hyper-elastic effect, the re-search devel-
opment and application development of the
SMA material are very rapidly in recent
years. The device with the SMA material
are applied in aeronautical and space field,
medical field and civil engineering field. In
the field of structural vibration control, the
energy dissipation damper with the SMA
material are applied in the building struec-
ture widely, and have good affect to reduce
vibration and isolate vibration.

2. Tanaka Constitutive Model

Base on energy conservation principle
and Clausius-Duhem inequalities, Tanaka
build constitutive model of the SMA mate-
rial by basic principle of continuum me-
chanies [1-3]. The Eq.(1) and Eq.(2) are de-
duced by the law of thermodynamics below.
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where p is the material density, U is inter-
nal energy density, o; is the first kind of
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Kirchhoff stress, L is velocity gradient, g,
is warm current, % is material coordinates,
q, S are heat source density and entropy
density, respectively, T is temperature.

The Eq.(2) is described as Eq.(3) by
Helmholtz free energy below.
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Where o5 is the second kind of Kirchhoff
stress, ® is Helmholtz free energy, p, is

relative reference material density, € is the
Green strain, { is martensite volume per-
centage, f is deformation gradient, X is
relative reference material coordinates.
Base on thermodynamic theory of continuum

mechanics, the coefficient of ¢ and T in Eq.(3)
should be zero for the Eq.(2) can be established
with any € and, T Eq.(4) is given below

0D(,8,T) _ o(e,5T), (4)
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The constitutive model Eq.(5) with incre-
mental rates form is given below by differ-
entiating the Eq.(4).
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where D(,(,T)¢ is elastic modulus,

Q(e,(,T)¢ is phase transition modulus,
0(,.,T)T is thermo-elastic modulus.

The one dimensional dynamics equa-
tion of the martensitic phase transforma-
tion is given below by Eq.(6)

i u (6)
—l_c—oc daT

where V is average volume of the new
martensitic, AG is the free driving force
when martensitic phase transformation is ap-

pearing. @ and o™ are constant respectively.

The martensitic phase transition is
given below by Eq.(7) from austenite
phase to martensitic phase

(=1- MM T) + bMo] | &)

The austenite phase transition is given
below by Eq.(8) from martensitic phase to
austenite phase

=1 - el + bl | (8)

where aM, aA, bM, bA are constant respec-
tively, the martensitic phase is completed as-
suming { =0.99, and the austenite phase is

completed assuming { =0.01. The four con-
stant are given below by Eq.(9) and Eq.(10)

M _ 1n(0.01) (9)
M, - M,

A In©.01)
A - A,

oM (10)

3. Liang-Rogers Constitutive
Model
Base on Tanaka constitutive model,
Liang and Rogers build a new constitutive

model assuming that the SMA material
stress has no relation to loading speed,
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phase speed and temperature changing speed to
get martensitic volume percentage as constitu-
tive model of internal variable [4, 5]. The Liang-
Rogers model has clear physical meaning, model
parameters are got easily and describe the shape
memory effect and super-elastic effect of the
SMA material. The Liang-Rogers constitutive
model is consistent with the test data goodly,
and is classical constitutive model.

Base on thermos-mechanics law, the
Liang-Rogers constitutive model of the SMA
material is described as Eq.(11) below.

6=Ee+0T +Qf, (11)

where 6 and € are stress speed and strain
speed of the SMA material, E is the Young
modulus, Q is phase tensor, 0 is thermo-
elastic tensor. E and 6 are function related
to temperature, but the SMA material prop-
erty is assumed as constant for calculating
simply.

The simplification constitutive model
of SMA material is describe as Eq.(12)
below by differential Eq.(11)

where o is stress, ¢ is strain, T is tem-

perature, { is percentage of martensitic vol-
ume that is degree of martensitic phase trans-
formation or reverse phase transformation.
The martensitic phase transformation and
martensitic reverse phase transformation are
describe by Eq.(13) and Eq.(14) respectively

- 1+¢, (18
Caopr =~ reoday (T = Mp+by0] + —52, (18)
Sm (14)

g
Cprsa = 5 coslay(T - Atb,ol + 0,

where ays, ay, by, by, Cpp C4 are described
by Eq.(15), Eq.(16) and Eq.(17), respectively.

4 - T (15)
M= M, - M;
a, = T
AT A - A,
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A
ba="t,
Cy = tan o (17)
CA:tanB,
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where {,, {;, are percentage of martensitic at

the beginning of phase transformation and
reverse phase transformation respectively.

In this paper, the super-elastic mechanics
property of the SMA material is studied
under the condition of constant tempera-
ture, so the Liang-Rogers constitutive
model is super-elastic mechanics model of
the SMA material under the condition of
constant temperature.

Assume that the initial stress and initial
strain are zero, 63=0, ¢, =0, and T>Af,
the SMA material is completely austenite
and {4 = 0. Assume that temperature is con-
stant under tensile condition of the constant
temperature, T = T,. The Eq.(18) is given
below by rewriting the Eq.(12).

c=Ee+Q(. (18)

When starting loading, the SMA mate-
rial is condition of austenite completely and
the relationship is linear between strain and
stress, o = Ekt.

The SMA stress is induced martensitic
phase transformation, when the stress in-
crease to o,. The yield stress o, and the

yield strain ¢, are given below by bringing
into Eq.(4) with {, = 0.

0,=Cy(T -M,) (19)
Ga
€& = E_A

The SMA stress is martensitic phase trans-
formation, when the stress increase to { =1.
The yield stress o, and the yield strain ¢, are

given below by bringing into Eq.(4) with { = 1.

op = Cp(T — My) (20)

C,(T-M >
8b=—%+£‘l‘

where €; is maximum recovery strain of the SMA
material. when the stress is unloading to 6., the

martensitic phase transformation is happening,
=1, o, and ¢, are given by Eq.(21) below

Oy = Cy(T - Ayp) (21)
Og
€q= E_A

After martensitic phase transformation, the
SMA material is not martensitic phase trans-
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formation any more, and the relationship is
linear between strain and stress, ¢ = Ej¢t.
When the super-elastic constitutive
model of the SMA material is phase trans-
formation, the relationship between stress
and strain is determined by inverse cosine
function, and the calculated process is very
complex. Liang and Rogers linear relation-
ship between stress and strain in process of
phase transformation by character of phase
transformation to get simplified SMA mate-
rial constitutive model of the super-elastic.
The simplified tension constitutive model is
given by Eq.(22) and Eq.(23) below.
Loading condition.

oo {E A€ (e<e,) (22)

Eje, + E e —€,) (g <e<ep)’
Unloading condition.

O = EASd + Ecd(E —

(eq<e<gp) (28)
gg) (,<€<gyp),

E ¢ (e<ey)
Cpf(M, - M) (24)
Eab =
€~ &
C,A:-A ’
Ecd = A( L S)
€~ &g

where o is stress, € is strain, E is Young
modulus, E,, and E_.; are slope of line ab
and line c¢d of the linear hysteretic model in
process of super-elastic.

4. Brinson Constitutive Model

Base on Tanaka and Liang-Rogers consti-
tutive model, Brinson build a new SMA ma-
terial constitutive model and adopt non-con-
stant material parameters to divide marten-
sitic volume percentage into two part which
be given by Eq.(25) below[6]

C=Cr+Css (25)

where (p is martensitic volume percent-
age caused by temperature, (g is martensi-

tic volume percentage caused by stress.

Brinson think that elastic modulus and
phase transformation are linear relationship
with martensitic volume percentage, the one
dimensional constitutive model of Brinson
is describe as incremental rates by Eq.(26)
and Eq.(27) below

D=Dy+{(Dy - Dy , (26)
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Q=-¢,-D, (27

where D, is elastic modulus of austenite

condition, D), is elastic modulus of marten-
sitic condition.

The SMA material constitutive model is
given by Eq.(29) with SMA material resid-
ual strain formula Eq.(28)[7]

€res= €L " Cg» (28)

6 — 6o = D(0)e — D({y)eg + (29)
+ Q(0)Lg — QEp)lgo + O(T — Tg)

Fig.1 show us the relationship diagram
between phase transformation stress and
phase transformation temperatures of one
dimensional SMA material constitutive
model from lot of tests and theory analysis.

Brinson amendment furtherly relation-
ship between critical stress and martensitic
phase transformation temperature to build
motion control equation of the SMA mate-
rial phase transformation.

The process of martensitic phase trans-
formation are given by Eq.(30) and Eq.(31)
below.

]_ —
CS = ZCSO"OS{GW i[ (ycr[(T - 0-/c‘r - CM(T - Ms]i-’_
s f
0
N 1 +2Cso (30)
C 31
G = Cro 1 g5 = Cso (1)

The process of austenite phase transforma-
tion are given by Eq.(32) and Eq.(33) below.

- Co S(CT )H“[wz)

- Cso
CA, - CA

S_CSO

_ QTO[ of [CT-ChAg-o I (33)
Cr=Cpo - Q_Ofo —|LCOE{4’IICA 4 C,a, ]+ 1J| J

The jump function is applied in Eq.(30),
that is given by Eq.(34) below.

(x - ayi = {gx St e @

Where oS" is the critical stress at begin-

ning of martensitic phase transformation,
o§" is the critical stress at end of martensi-

tic phase transformation.
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Stress

Temperature

M, M, 4 4

Fig. 1. Relationship diagram of Brinson con-
stitutive model between phase transformation
stress and phase transformation temperatures

5. The Other Constitutive Models

Tanaka model, Liang-Rogers model and
Brinson model are applied very widely and
have strong engineering applicability, the
three model is build base on thermodynam-
ics, thermos-mechanics and phase transfor-
mation theory of the SMA material. The
other scholars also study other constitutive
model of the SMA material base on thermo-
dynamics, thermos-mechanics and phase
transformation theory of the SMA material.

Base on Tanaka constitutive model and
Liang-Rogers constitutive model and assum-
ing that the shape memory effect of the
SMA material is similar to yield effect of
the isotropic material, the Boyd-Lagoudas
constitutive model is given with
Eq.(35),Eq.(86) and Eq.(37) by using equiva-
lent stress instead of one dimensional stress
of the SMA material. The Boyd-Lagoudas
constitutive model is given by
Eq.(35),Eq.(386) and Eq.(37) below.

0;; = Dyjpder, — €l — 0T — Tp)l,  (35)

3QSk £0 (37
- >

2D &

Qel
T DEtr

Ay = ’
{<0

where €} is phase strain, €7 is equivalent
phase strain, Sj, is deviatoric stress, o is
equivalent stress, o, is thermal expansion

coefficient of the SMA material.
The Boyd-Lagoudas constitutive model
describe SMA material phase transformation
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by martensitic volume percentage as same
as Tanaka model and Liang-Rogers model,
but the Boyd-Lagoudas constitutive model is
three dimensional constitutive model.
Ivshin and Pence build Ivshin-Pence con-
stitutive model base on thermo-mechanics
theory and thermodynamics theory. The
Ivshin-Pence constitutive model get
austenite volume percentage as internal
variable, and Ivshin-Pence constitutive
model is given by Eq.(38) and Eq.(39) below

e=(1-o)gy +ogy (38)
[ _ o 39
e (39)

6. Conclusions

In the paper, some constitutive model of
the SMA material are introduced detail, in-
cluding Tanaka constitutive model, Liang-
Rogers constitutive model, Brinson consti-
tutive model and Boyd-Lagoudas constitu-
tive model. The relationship diagram
between strain and stress of the SMA mate-
rial is described by equation of strain and
stress and some parameters of those equa-
tions are introduced detail. Those constitu-
tive models also describe condition from
martensitic phase to austenite phase.
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