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1.  Introduction
Distillation and sublimation are among the 

main methods for obtaining high-purity sub-
stances, and therefore there is interest in their 
theory [1-10]. In the general case, these pro-
cesses are described by a system of equations 
with two parameters: with the initial separa-
tion factor β0 and the Peclet number
 Pe wX

D
=

r
,   (1)

where w is the velocity of evaporation of a sub-
stance per unit surface, D is the impurity dif-
fusion coefficient, X is the dimensional factor 
of the evaporated material (for example, the 
initial thickness of the liquid layer in the cru-
cible), ρ is the density of a substance (β0 is the 

ratio of impurity concentration in a pair that 
leaves the surface of evaporation to impurity 
concentration in the evaporated substance near 
the surface of evaporation at the process tem-
perature; in  the simplest case, if a substance 
consisting of two components that do not inter-
act, evaporates in a vacuum, then β0 is approxi-
mately equal to the ratio of vapor pressure of 
pure components: impurity and basic). Due to 
the complexity of the equations, their solutions 
cannot be obtained in an analytical form, but 
can be found by numerical methods [6-9].

While the temperature dependence β0(T) is 
weak, the Pe number is highly dependent on T 
due to the dependences w(T) and D(T) [8, 9]: 
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The possibility of plotting the dependence of the effective separation factor β (in a well-known 
refining equation) on the degree of distillation g and temperature (for given values of the vapor 
pressure of the evaporated substance, the Peclet number at the melting temperature, the ac-
tivation energy of impurity diffusion and the initial separation factor β0) through building the 
dependence of the purity of the condensate on g at a given β0 and at values of the Peclet number 
corresponding to a number of considered temperatures is shown. An example of calculating this 
dependence for a model material based on beryllium is given. The patterns of the named depen-
dence are noted.
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Ефективний коефіцієнт поділу у залежності від ступеня дистиляції та 
температури. О.І. Кравченко, О.І. Жуков

Показана можливість побудови залежності ефективного коефіцієнта поділу β (у відомому 
рівнянні рафінування) від ступеня дистиляції g і температури (при заданих значеннях 
тиску пари речовини, що випаровується, числа Пекле при температурі плавлення, 
енергії активації дифузії домішки та початкового коефіцієнта поділу β0) - через побудову 
залежності чистоти конденсату від g при заданому β0 і значеннях числа Пекле, відповідних 
ряду температур, що розглядаються. Наведено приклад розрахунку зазначеної залежності 
модельного матеріалу на основі берилію.
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where Q is the activation energy of impurity 
diffusion, R is universal gas constant, D and 
Dm are impurity diffusion coefficients at T and 
melting point Tm correspondently (the order of 
magnitude Dm is known: ~ 10-6 cm2/s in solid 
and ~ 10-5 cm2/s in liquid [11]);
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where M is the molecular mass of the evaporat-
ing substance, K is proportionality coefficient 
(Langmuir equation [12]). (Data on the vapor 
pressure of substances can be taken from refer-
ence literature, for example, from [13]).

At the same time, to describe distillation 
and sublimation, a simple equation is applica-
ble with an effective separation factor β [5, 7]:

 C
C

g
g0

1 1
=

- -( )b ,  (4)

where C is the average impurity concentration 
in the condensate, C0 is the initial impurity 
concentration. If the mixing of the refined liq-
uid is ideal Pe = 0 and β = β0 [7]. Coefficient β is 
the number in which equation (4) turns in true 
equality with given values g and Pe > 0; β = β0, 
if g = 0 or 1. 

For the correct use of the equation (4) in cal-
culations of distillation and sublimation a clear 
idea of the dependence of β on g and on the tem-
perature T of the process is necessary. (It can 
be noted that until recently, it was assumed 
that β, like β0, is independent of g, but there is  
experimental confirmation of the existence of 
the dependence β(g) [14].) Identification of de-
pendence β(g, T) was the aim of work. At the 
same time, attention was drawn to the fact 
that the graphs of the dependence of С/C0 on 
g [7-10], in fact, demonstrate the discrepancy 
between β and β0, which depends on β0 and Pe.

2. Calculations
The calculations of dependence β(g, T) were 

based on accounting of dependence Pe(T), while 
the dependence β0(T) was not taken into ac-
count.

From the equation (4) it follows that   

 b =
-
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Taking into account formulas (1)-(3), the fol-
lowing formula is displayed
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where Pe and Pem are Pe numbers at tempera-
tures T and melting point Tm correspondently, 
p and pm are vapor pressures of a substance at 
T and Tm correspondently.

Formula (6) allows to calculate the values   of 
Pe for a number of values   T (for given param-
eter values Tm, p, pm, Q and Pem) and to build 
the dependence С/C0 on g at values Pe, corre-
sponding to a given range of values T, using 
the previously developed calculation method 
[7]. After this, using formula (5), the values of 
β can be calculated for given values of T and g, 
i.e., the dependence β(T, g) can be constructed 
for a given β0 and given parameters Tm, p, pm, 
Q and Pem.

Dependence β(g, T) was considered using a 
beryllium-based material as an example with 
Q/R = 1∙104 K. Calculated data for such mate-
rial are given in Table 1.

3. Results and discussion
Graphs of dependency С/C0 on g for berylli-

um-based material at two values of Pem (10 and 
100) at values Pe   corresponding to the temper-
atures indicated in the Table 1 are shown in 

Table 1. Calculation data for beryllium-based material (Tm = 1551 K) at Q /R = 1∙104 K 

T, 
K

p, 
mm 

Hg [13]
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Pe
Pem

1551 0.03 1 1 1 1

1600 0.06 2.0 0.98 1.22 1.6

1700 0.24 8.0 0.96 1.77 4.3

1800 0.80 26.7 0.93 2.44 10.2

1900 2.32 77.3 0.90 3.29 21.1
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Fig. 1, and the results of calculating the depen-
dence β(g, T) are shown in Table 2. (To calcu-
late values С/C0 at Pem = 100 и Pe = 1020 were 
used the graphs С/C0 on g with Pe = 100 and 
Pe = 1000 (≈ 1020), correspondently, from [10, 
11].) (Obviously, if g ≈ 0 or g ≈ 1 then β ≈ β0.) 
Table 2 data was used to graphically represent 
the relationship β(g, T) - Fig. 2.

Table 2 and Fig. 2 give an idea of the nature 
of the dependence β(g, T) with given β0. The co-
efficient β increases with increasing g and T. 
The dependence β(g, T) is more noticeable at 
a lower value of β0, a higher temperature and 
a higher value of Pem. One can see the nega-

tive impact of increasing the initial thickness 
X of the liquid layer on the refining efficiency 
(for beryllium, with Tm = 1551 K, the value  
Pem = 10 corresponds to X ~ 1 cm, and  
Pem = 100 corresponds to X ~ 10 cm at  
Dm ~ 10-5 cm2/s).

It is possible to pay attention to the de-
pendence of β on Q. As formula (6) shows, an 
increase in Q reduces the ratio Pe/Pem, i.e., it 
brings closer the graphs of the dependence β(g) 
plotted at different temperatures at a given β0.

In the absence of information about the de-
pendence β0(T), relying on indirect signs that 
this dependence is not strong, the calcula-

Fig. 1. Dependence of the purity of the condensate on the degree of distillation g in the process with a flat 
constant surface of evaporation - for two values of β0 and different values of Pe (C is an average concentra-
tion of impurities in condensate, C0 is the initial concentration of the impurity) 

Table 2. Effective separation factor β in process of evaporation of beryllium with impurity  
(at Q/R = 1∙104 K) at different temperatures (at Pem = 10 and Pem = 100) on degrees of distillation g at 
different values of β0

β0 T, K Pe С/C0 at different g β at different g
g=0.2 g=0.4 g=0.6 g=0.8 g=0.9 g=0.2 g=0.4 g=0.6 g=0.8 g=0.9

0.1

1551 10 0.22 0.30 0.36 0.41 0.45 0.19 0.25 0.27 0.25 0.23
1600 16 0.28 0.37 0.45 0.51 0.55 0.25 0.31 0.34 0.33 0.30
1700 43 0.42 0.58 0.69 0.75 0.77 0.38 0.52 0.58 0.57 0.51
1800 102 0.62 0.78 0.85 0.89 0.90 0.57 0.73 0.78 0.77 0.72
1900 211 0.80 0.90 0.93 0.95 0.99 0.75 0.87 0.94 0.89 0.84

0.01

1551 10 0.02 0.03 0.05 0.06 0.07 0.02 0.02 0.03 0.03 0.03
1600 16 0.02 0.05 0.07 0.08 0.09 0.02 0.04 0.05 0.04 0.04
1700 43 0.05 0.10 0.14 0.17 0.19 0.04 0.08 0.10 0.09 0.08
1800 102 0.11 0.19 0.26 0.32 0.36 0.06 0.16 0.19 0.18 0.17
1900 211 0.20 0.34 0.44 0.52 0.55 0.18 0.29 0.33 0.33 0.30

0.1 1551 100 0.62 0.78 0.85 0.89 0.90 0.57 0.73 0.78 0.77 0.72
1800 1020 0.96 0.98 0.99 0.99 0.99 0.91 0.97 0.98 0.98 0.96

0.01 1551 100 0.11 0.19 0.26 0.32 0.36 0.06 0.16 0.19 0.19 0.17
1800 1020 0.57 0.75 0.83 0.88 0.89 0.52 0.70 0.75 0.76 0.70
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tions of the dependence β(g, T) are made with 
constant β0. But if in a certain substance β0 
changes notably to the side to one with growth 
T, then the dependence β(g, T) becomes more 
pronounced (see Fig. 2).

4. Conclusion
Using the example of a model material from 

a “base-impurity” substance with given param-
eters (Tm, p, pm, Q, Pem и β0), the possibility of 
constructing the dependence β(g, T) using the 
previously constructed dependence of conden-
sate purity on g for a given β0 and values of the 
Peclet number corresponding to the range of 
temperatures under consideration. The nature 
of this dependence has been revealed.
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