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We consider classical ideal gas of a finite number of colliding particles in a stationary
vessel. A special case of the round vessel is considered and, for comparison, the results for
the rectangular vessel are provided. It is proved that the distributions of energy and
velocity of gas particles differ from similar distributions in a rectangular vessel. The
paper investigates the case when a finite number of particles in a round vessel has zero
total angular momentum. It is shown that these distributions in a round vessel depend on
the particle masses and differ from the known classical distributions. As the number of
particles increases, the distributions tend to the Boltzmann distribution. Finiteness of the
number of particles or degrees of freedom is important for understanding the properties
of nanosystems.

Keywords: gas of colliding particles, round vessel, finite number particles, additional
law of conservation, distributions.

Ineansnuii raz y Kpyraii emuocri: Bigminvocti nosBeninku. J.M.Hannavoxos,
B.B.Anosecvruii.

Posragnyro wxnacuuHuil imeanbHME ra3 KiHIEBOI KiTBKOCTI YACTUHOK y HePyXoMih
emuocTi. HocmimKxeno ocobauBUN BUMATOK €MHOCTI Kpyriyol dopMu i Ana mopiBHAHHA HaBO-
IATHCA PedyabTaTh s eMHocTi npsamoryrHol dopmu. [HoBemewno, mio posmoginu eHeprii ta
IIBUAKOCTI WACTUHOK rady y €MHOcCTi Kpyrsoil dopMu BimpisHArThCA Bij aHamoriuHmx pos-
nozxiniB y upaMokxkyTHi emHocTi. 'omoBHa yBara npupginzenHa BuUIagKy, KoJu KiHIeBa
KIIbKicTh WaCTUHOK y KPYIJIiH HOCyZWHI Mae HyJIbLOBUII 3arajbHUII MOMeHT immysnbcy. oBe-
IeHO, IO ITi POSMOAIAN B KPYIJIifl mocyAuHi 3ale:kaTh Bif Mac YacTUHOK i BiApisHAIOTHLCA
Bifl BiIOMUX KJACUYHUX PO3MNOAiNiB. 3i 30iMbIIMeHHAM UMCJIa YACTUHOK ITi POSMOLiIM Habiu-
JKawTbecA g0 posmoxiny Boabiimawma. Posrnsax kinieBol KinbKocTi uacTuHOK abo cTymeHiB
CBOOOIN BasKJIMBUI A PO3YMIHHA BJIACTHBOCTEI HAHOCHUCTEM.

1. Introduction

The ideal gas of colliding particles in a stationary vessel is a classical model system. The behavior
of strong chaotic systems is widely studied on its example. As a rule, one considers the limiting case of
an infinitely large number of gas particles N — oo and an infinitely large volume of the vessel V — o0,
such that the concentration of particles n = N/V remains {inite. The vessel may be either insulated or
in contact with a thermostat. In the case of an insulated vessel, the only conserved quantity is the total
energy of the system. The momentum and angular momentum of the gas particles are not conserved
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upon collisions with the vessel walls. A number of classical results [1, 2, 3, 4] are related to this case,

such as the Maxwell distribution of particles velocities p(v) ~ v? exp(— ’2’};’; ), the Boltzmann or the Gibbs
distributions p(E) ~ exp(—%), ete. A theorem about the uniform distribution of the energy over the
degrees of freedom [5, 6] is proved. This case is the most deeply studied, but still there are new interesting

results related to it, such as the Jarzynski relations [7], fluctuation theorems [8], etc.

There are several factors that may lead to the establishment of distributions that differ from the
standard ideal gas distributions. For example, the gas may have other conserved quantities, not only its
energy. The distribution for the general case, when the total energy, momentum, and angular momentum
of particles have been conserved during all collisions, was proposed by Maxwell in [9]. In the case of gas
rotation, this distribution contains coordinate-dependent expressions added to the potential energy in
order to account for the effect of centrifugal forces. In the general case, the logarithm of the distribution
function is proportional not only to the energy, but to the linear combination of all additive conserved
quantities [10]. A gas with an infinite number of degrees of freedom in the case of conservation of angular
momentum, as well as its generalizations to the relativistic and quantum cases, was considered in papers
[11, 12, 13, 14]. The need to take into account the conservation of angular momentum may arise in
a variety of areas, from giant rotating molecular clouds in astronomy [15], to rotation and vortices in
quantum gases [16], which play an important role in macroscopic quantum phenomena.

When an ideal gas is placed in a vessel, it is usually assumed that the established statistical dis-
tributions will not depend on the vessel shape. However, in vessels with axial symmetry, a stationary
circular gas flow [17] is possible. This is a consequence of the fact that, due to the boundary symmetry,
the conservation of angular momentum is not violated. The presence or absence of conservation of gas
angular momentum affects the gas statistical behavior and is related to the shape of the vessel. The
difference between the round vessel and all the others was noticed by Poincare [18] for the gas of non-
colliding particles. The gas of non-colliding particles does not evenly fill the round vessel. In the general
case, the shape of the vessel can significantly affect the equation of state of such a gas [19]. For a gas of
colliding particles, as shown in particular in this paper, the shape of the vessel boundary can also play
an important role.

Another factor affecting gas distributions is the number of particles inside the vessel and, accordingly,
the number of degrees of freedom. In the usual limiting case of an infinite number of degrees of freedom,
the total energy of the system is infinitely large, and there is a non-zero probability for a particle or
some subsystem to have an arbitrarily large energy. An essentially different possible cage is an ideal
gas consisting of a finite number of particles with a finite number of degrees of freedom [20, 21]. In
this case, the energy of an entire system is finite, and a particle or subsystem cannot have its energy
higher than the total system energy. Therefore, their velocity and energy distributions proceed only to
some finite value, and then they are exactly equal to zero. In particular, for a two-dimensional gas of a
finite number of particles, Boltzmann in his classical paper [22] obtained the particles energy distribution

pM(E) = (N - 1)% for B < Fipy and p™")(E) = 0 for F > Ey,y, where N is the number of

particles in the vessel, Ett(;tt is their total energy. This distribution does not depend on the masses or sizes
of particles; all particles have the same distribution and the same average energy. This distribution also
does not contain temperature, only the total energy of the system. It is interesting to note that although
the concept of temperature is old and well-established, it continues to be of constant interest. Differ-
ent ways of introducing temperature and new related questions can be found in the review [23]. These
questions arise, for example, in connection with the experimental observation of negative temperatures,
"fluctuations” of temperature in nanoscale systems, etc. Interest in issues related to the finiteness of the
number of degrees of freedom and the finiteness of the system dimensions is associated with an increase
in interest in objects of small or nano sizes.

In this paper, we consider the case when simultaneously takes place both the finiteness of the number
of particles and the conservation of the gas angular momentum, fixed at zero value. The properties of
such a system were studied mainly via numerical simulation, their analytical description is currently an
open question. The paper shows that a new class of energy and momentum distributions is realized in
such a gas, despite the fact that it is a usual non-rotating ideal gas in the stationary vessel.
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Fig. 1. A stationary round vessel of radius R contains n particles with masses m,; and radii r;. Due to the
vessel symmetry, the reflection of a particle from the vessels boundary does not change the value of its
current angular momentum L; = L;. The total angular momentum of the gas L = Y ;" | (pys®Ti — Pws¥i)
in this case appears to be the additional integral of motion, unlike the other vessels.

2. Round vessel, angular momentum conservation.

Let’s consider the motion of a finite number n of colliding particles in a stationary round vessel of
radius R. We will consider the case of two-dimensional motion on a plane. Let all particles be of round
shape with radii r; and masses m;, generally different. Their motion between collisions will be rectilinear,
all collisions of particles between themselves and with the vessel boundary will be absolutely elastic. The
general view of the considered system is shown in Fig.1.

The energy of the particle after elastic reflection from the stationary boundary is equal to its energy
before the collision, but the momentum of the particle changes upon reflection. The angular momentum
of the particle is also generally not conserved, but the round form of the boundary is a special case.
The angular momentum of a particle L} after reflection from any point of the boundary remains equal
to its initial angular momentum L; (see Fig.1). In the collisions of particles, angular momentum is also
conserved. As a result, the quantity L = Z:':l(pylxb — Priy;) is being conserved during the motion
of particles in the round vessel. This distinguishes a round-shaped vessel (axisymmetric vessels in the
three-dimensional case) from all other possible vessels.

Further in the paper, the differences in the behavior of the ideal gas in such a vessel are studied. In
order to unambiguously and repeatably determine or predict the gas parameters, for example, the energy
distribution of some particle, it is necessary to take into account all that it depends on. In other vessels,
it is sufficient to know the total gas energy and the number of particles in the vessel with their number of
degrees of freedom. In a round vessel, knowledge of all system parameters and of total gas energy, as will
be shown below, is not sufficient. The state of gas rotation will also affect the gas properties. Therefore,
we will first discuss the necessity of taking into account all the integrals of motion when choosing the
initial data of gas particles.

Potentially, the energy of a particle can depend on all the values of integrals of motion available for
the system. These values are fixed when the initial data is chosen. If, when choosing the initial data,
only the total energy of the gas is taken into account, then the remaining integrals of motion will receive
some random values. In particular, a gas of particles in a round vessel will gain some random angular
momentum. An interesting question is whether there are other global or local integrals of motion and
whether it is possible to determine the presence of integrals of motion affecting the particle energy without
knowing in advance about their existence.

Let’s consider the time-averaged energy of some selected gas particle < E(t;) >= % ::10 E(t)dt. The
time ¢; will be finite since it is impossible to take an infinitely long time in the numerical calculation.
The values of < E(t;) > for different initial data will differ due to two factors: the finiteness of the time
t; and, possibly, the dependence of < F > on the integrals of motion. By repeatedly randomly choosing
initial data, one can counstruct the distribution < E(¢;) > for the chosen particle and time ¢;. As the
time ¢; increases, the scattering associated with the finiteness of this time will decrease to zero. And the
distribution will either turn into one definite value < E >, or some distribution will remain, showing the
presence of factors not taken into account.

578 Functional materials, 29, 4, 2022



D.M.Naplekov, V.V.Yanovsky / Ideal gas in the round ..

Jy - ; ; 7 O02[] ' ' ' ' '
‘ (a) (b)
0.020¢ 1800} ]
0.015¢ 1600F
0010' <E|L|#O> ] 400'
0.005} \\ <E > {200}
\
0.000k: . , b H4 Ok . . . . .
400 450 500 550 <E(t;)> 0 400 800 1200 1600  tq
2 T T T T T T
DE v v v & (e}
d
) { 800} D]
0.025} ]
0.020f 1600}
0.015f 1400¢
0.010f ]
0.005} 1290t
0.000E: . . . 4 Ok . . . . .
40 450 500 550 <E> 0 400 800 1200 1600 t;

Fig. 2. Four particles are repeatedly launched into a round vessel with different initial conditions. The
time-averaged energy of one of the particles is calculated each time. All parameters of the system are
fixed, only the initial data changes. (a,c) The distribution of the averaged over a finite time ¢; = 150
energy of a particle with the mass m; = 0.176. During the choice of particles initial data (a) only
the total energy was fixed, the asymmetry of the distribution is visible. This indicates the presence of
an unaccounted integral of motion. (c¢) Both the energy and the angular momentum of particles are
accounted for; the distribution is symmetrical. (b,d) The dependence of the dispersion ¢ on time ¢; for
corresponding average energy distributions. The dispersion is smaller for distributions with an angular
momentum account. The masses of the remaining particles are ma = 0.059, ms = 0.235 and my4 = 0.53.
The size of all particles is 7; = 1, the vessel radius is R = 40.

Examples of the constructed < E(t1) > distributions for a vessel with four different particles are
shown in Fig.2(a,c). In the first case, only the total energy of the system was fixed when choosing the
initial data. It can be seen that in this case, the distribution is asymmetrical and does not coincide with
the normal distribution. This asymmetry is a consequence of the fact that the angular momentum of
the gas was not taken into account when choosing the initial data, and the established average energy
depends on its value. Different initial data correspond to different L values, each of which corresponds
to its own < E > at t; — co. The dependence of < E > on L also takes place in the case of an infinitely
large number of particles. According to Maxwell’s paper [9], the particle energy E in the distribution
e PF is replaced by E + w(p,y — pyx), and w is interpreted as the angular frequency of gas rotation.
After appropriate averaging, taking into account the inhomogeneous distribution of particles over the
vessel, the average particle energy remains dependent on w, i.e., the state of gas rotation. The case of
a finite number of particles considered in this paper turns to that considered by Maxwell in the limit
N — 0. Therefore, it is natural that for a finite number of particles, the energy depends on the state
of gas rotation. Therefore, as time ¢; increases, the width of the average energy distribution will not
decrease to zero, and instead of one certain value < E >, some distribution will remain. In the case
shown in Fig.2(c), all initial data corresponded not only to the same total gas energy, but also to a fixed
total angular momentum L = 0. This distribution coincides well with the normal distribution, and the
scattering of < FE > values can only be related to the finiteness of time ¢;.

As time ¢; increases, the width of the distribution in the first case should tend to some finite value,
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and to zero in the second case. The constructed distributions in the region of their maximum were ap-
proximated by a normal distribution. The width of this distribution can be characterized by the value of
the standard deviation o or the dispersion o2. Figures Fig.2(b,d) show the dependence of dispersion on
time t; for both considered cases. It can be seen that in the second case, a smaller value of the dispersion
is established than in the first case. Of course, with the help of a numerical calculation, it is impossible
to determine that for t; = oo the dispersion of the average energy distribution will decrease precisely to
zero. However, after taking into account the total angular momentum of the particles when choosing the
initial data, the distribution of average particle energy no longer definitely indicates the presence of any
other unaccounted integrals of motion.

Thus, the difference between the case under consideration and those considered earlier is the presence
of one additional integral of motion affecting the behavior of the gas. Furthermore, when choosing the
initial data, the particles total angular momentum will be set to zero (L = 0). All particle energies will
be normalized to the total energy Fy;,, = 1. This is sufficient to ensure that the gas distributions and
established energies are independent of the initial data. Despite the absence of a circular gas flow, they
will still differ from similar distributions in other vessels.

3. Energy and velocity distributions

Let us now consider the distributions of the particle energy F; and the velocity projection V;, in the

case of a finite number of gas particles. For particles in rectangular and other vessels, the distribution of
(Etot_E)n72
Blo:
having some energy does not depend on the mass of that particle. Now, let four particles of the same
size but with different masses be launched into a round vessel. The numerically constructed distributions
for these particles are shown in Fig.3. Since the energy of each particle cannot exceed the total energy

of the system, all distributions are exactly zero for energies greater than F;,; = 1 and, accordingly, for
velocities outside the range Vy; € (—4/ %7 £/ 25%) Since in the considered system the momentum of
particles is not conserved, the distributions proceed up to these limiting values of energy and velocity. In
the possible case of both energy and momentum conservation, the entire system energy could not pass
to one particle. In such a case, other distributions would be established with other limiting values. As
it follows from Fig.3(a), the energy distributions of particles of different masses do not coincide with one
another and, thus, do not coincide with the classical Boltzmann distribution.

Let us consider in more detail how particles with different energy distributions stay in equilibrium in
a round vessel. To do this, we have launched three groups of three identical particles into a round vessel.
The particles of the first group have masses my 2.3 = 0.017, the second group of particles m4 56 = 0.090
and the third group mrgg = 0.226. The form of energy distributions for these particles is shown in
Fig.4(a). It can be seen that with an increase in the number of particles in the vessel, the distributions of
particles of different masses approach each other and approach the Boltzmann distribution. However, the
difference is still much greater than the limitations associated with the accuracy of numerical calculation.

When two particles collide, a certain amount of energy is transferred from one particle to another.
Let us now consider how this energy exchange occurs in collisions between particles from different groups.
Figure4(b) shows the number of collisions during the evolution of the system, in which particles from
different groups collided and energy transferred was within a certain range. It can be seen that each of
these distributions is symmetrical, the maximum of the distributions coincides with a zero transferred
energy. Thus, all groups of particles are in equilibrium with each other in the sense that how much energy
one group receives from another, the same amount it returns to it.

The energy and momentum distributions of particles in the considered case can, in principle, be ob-
tained analytically. One of the possible ways, in the most general terms, is to consider a new invariant
surface in the phase space of the system, construct an analogue of the microcanonical distribution and in-
tegrate it to obtain all distributions of interest. However, the construction of such a theory that generalizes
statistical physics to the case of a system with a finite number of degrees of freedom and with additional
integrals of motion is a large-scale and currently unsolved problem. Nevertheless, we can give some par-

energy was first obtained by Boltzmann as ppy(E) = (n — 1) . The probability of a particle
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Fig. 3. Distributions of energy and velocity for four particles with masses m1 = 0.2, ms = 2.5, m3g = 8.0,
and ma4 = 20.0. Particles are located in the round vessel R = 40 and have the same size r; = 1. Their
distributions are naturally truncated at E; = Fror = 1 and Vi = £V 2E0em;, and then equal to zero. Tt
is visible that the distribution of the particle’s energy depends on its mass, in contrast to the identical,
mass-independent distributions in a rectangular vessel.
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Fig. 4. Distributions for three groups of three identical particles launched into a round vessel of radius
R = 40. Masses of particles m1 23 = 0.017, ma4 56 = 0.09 and mr g9 = 20.0, the size of all particles is
r =2.0. (a) Particles energy distributions. In the case of nine particles, their distributions are not that
different as in the case of four particles in the vessel. (b) Energy exchange between groups of particles.
The distributions of the energy transferred during collisions of particles from different groups are shown.
It can be seen that despite the different energy distributions, each group is in equilibrium with the other
two groups.

ticular analytical results for the simplest cases, considered numerically in this paper. We present them
below without derivation, as phenomenological expressions that well describe the experimental curves.

The curve of a momentum projection distribution in the case when there are three identical (with
equal masses) particles with zero total angular momentum in a round vessel is analytically well described
by the following definite integral:

N e \/T m (vatim,
f n(i/ﬁfy2__Rf 2 fy3—_Rf 3 fr?lilnljal)l:(m Yitim,— R)

v R?—yi? Pay p
Famas Famas 760”“ dpy. Aysdzodysdrsdy’ dz dps., dp.
ngl:ﬂ/szy;? Pog=Pagmin 9 Pag=Pegmin +/F(p,r) Dy, CY20T20Y30T30Y) GT1GPxs APxs

where the function under integration:

F(p,t) = (Dhas — P2, — Py — D2y — Py ) (@3 +@3) — (PryY2 + Prsya + /P2, +02,47)°

const is a dimensional normalization constant calculated from the condition

r'nd pxl

(D
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Fig. 5. (a) Distributions of the momentum projection for three identical particles in round and rectan-
gular vessels. Circles and rectangles show the results of the simulation of particles motion in round and
rectangular vessels, respectively. The continuous curves show the form of these distributions according
to Eq.2 and Eq.1. Tt is visible that even in the case of equal average energies of particles, momentum
distributions in round and rectangular vessels are noticeably different. (b) Distributions of energy in a
round vessel, in the case of three particles, one of which has a mass m; = 0.6, and the other two have
the same mass my = 0.2. The continuous curves show the form of these distributions according to Eq.3
and Eq.4, the circles show the results of numerical simulation.

Prnax

PTTLd(pld)dpm =1

Pxy =—"Pmazx

and the quantities within the limits of integration:

V/Phaa— (P2, +P,)
Yilim = T
" \/prl+py1 \/ 2

—/P2, 02 yiy2—/ (@3l ) (92,0, — P2 —p2 @3 +y3 +af+y3) —(p2, +p2 )yi?)

+y3 + 23 + U3

Pzomin = Py W
/P2 P2 i ve b/ (@ a3 3) (92,0, — P2, P2 )3 +ys a3 4+u3) — (02, +p2 )yi?)
Promazr = I%+ZI§+$§+ZI§
o —(\/p§1+p§1yf+pm2yz)ys—\/(ri§+r§)((zﬂ?ﬂ,m—p§1—pil—piz)(w§+r§+y§)—(\/pil+p%,1yf+pm2yz)2)
Pzamin = x%+x§+y§
_ —(\/7)§1+p§1y1+p12y2)y3+\/u +23) (D200 =02, —P3, =02, ) (@3 +a3+u3) — (\ /P2, +93, U5 +Payy2)?)
Pramax 2+13+y3

Here and below, when choosing the integration region, particle sizes were not taken into account. A
similar distribution for three particles in a rectangular vessel has the form:
8(p%na$ - pi):3/2 (2)

3T P hax

The graphs of these two distributions are nearly identical, as shown in Fig.5(a). However, these two
analytical expressions do not exactly coincide with each other. The circles and rectangles in Fig.5(a)
show the results of the numerical simulation of particles motion in the corresponding vessels. It can be
seen that, within the accuracy of the calculation, the distributions obtained in the numerical experiment
completely coincide with the corresponding analytical expressions. Thus, even if the particles in the
round vessel are identical and their total angular momentum is zero, conservation of angular momentum
still changes the shape of their distributions, albeit insignificantly.

Let us now consider the distributions of particle energy in the case when there is one particle with
mass m1 and two more particles with equal masses ms in a round vessel. The total angular momentum of
these three particles is zero. The energy distribution of the first particle can be described by the following
expression:

Prec (p:c) =

V _y2 V R2_y3 mln(yllwrn Vv R2_yr2
Prnd(El fyz_—R f fy3_—R f \/R2— f yi =max(— ylhm, R) frl:—\/RQ——ny (3)
dyzd:vzdyzdrvzdy dz1dpy,dpz,

Prgmax Pegmax COnSl‘

Pug =Pagmin “Peg=Pagmin /F(E,p,r
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where the integrated function:
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The energy distribution of the second particle:
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where the integrated function:

Fy(Ea,p,v) = (2(Eior — E2) — p2 /mq — p2, /ma)(mixf + max3) — (Day 1 + Pasys + V2Eamay3)?

and the quantities within the integration limits:
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These two distributions are shown in Fig.5(b) as continuous curves. The circles show the distributions
obtained by the numerical simulation of particles motion. It is visible that the provided analytical ex-
pressions well coincide with the distributions observed in the numerical experiment. These distributions
are qualitatively different from the corresponding Boltzmann three-particle distribution. The energy dis-
tribution for two lighter particles turns out to be convex, i.e., it has a negative second derivative. The
distribution for a heavier particle has a slight inflection in the initial part of the distribution. Thus,
the considered distributions qualitatively depend on the masses of the particles. In principle, they also
depend on the particles sizes, but the associated amendments are usually negligible.

As a result, the energy and momentum distributions of particles in a round vessel depend significantly
on the masses of these particles and may differ significantly from the classical Boltzmann distributions
established in vessels of other forms. The fewer particles in a round vessel and the greater the spread of
their masses, the more significant this difference will be. For particles of the same mass or for a sufficiently
large number of particles of comparable masses, the difference from classical distributions is minimal.
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4. Results.

Usually, when an ordinary ideal gas is considered, it is assumed that the shape of a vessel with gas does
not affect its properties. In this paper, we study a special case when the choice of the symmetric vessel
boundary leads to unusual distributions of energy and momentum of gas particles. The mechanism of
vessels form influence on the gas statistical distributions is its connection with the laws of conservation.
The reflection of particles from a circular boundary, due to its symmetry, does not violate the law of
conservation of angular momentum, which means the conservation of an initial state of gas rotation. In
this paper, we considered a gas with a small number of particles and with zero total angular momentum
L = 0. It was shown that the presence of an additional law of conservation still leads to the different gas
behavior.

The steady average energy of a particle means that the average energies received and lost in collisions
are equal. In other vessels, this balance is achieved when the energy distributions of all gas particles are
equal. In the round vessel, gas of a small number of different particles is found to be in such state of
equilibrium when the particles have different energy distributions. This difference is easily determined
via numerical simulation of particles motion.

The energy and momentum distributions of particles in the round vessel can differ significantly from
the corresponding classical Boltzmann distributions. There is currently no theoretical description that
gives a general analytical form of these distributions (for a finite number of particles). In this paper, some
particular analytical results are presented for the case of three particles in a round vessel, but mainly
this system was considered numerically. The constructed distribution functions for a finite number of
particles are concentrated over a finite region, outside of which they are equal to zero. The forms of these
distributions depend on the masses of gas particles. The smaller is the number of particles in the vessel,
and the greater the spread of their masses, the more significantly the obtained distributions differ from
the corresponding Boltzmann distributions.
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