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in a layered sample with sector conductive
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The results of studying the composition of a through conducting clster in a layered
sample with sector conducting inclusions in round layers are presented. The case of a
homogeneous and independent distribution of sector inclusions in each layer is considered.
The values of the conductivity of the sample with inclusions and the values of the fraction
of the conductive phase in the layer included in the through conductive cluster are
obtained for various sets of the system parameters — the number of layers, the number of
inclusions in the layer, and the size of the inclusions in the layers.
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@opmyBaHHSI HACKPI3HOr0 IIPOBIAHOr0 BKIIOYEHHSI B IIAPYBATOMY 3Pa3Ky 3 CEKTOPHUMU
NPOBiTHMMH BEJIIYEHHIMH B OKPEeMHXX IIapax; IpoBimami kaacrep. P.€.Bpodcvruil,
T.B.Kyxnix.

Hagegeno pesysbraTu mociigsxeHHsS CKJIaZy HACKPISHOIO HPOBIZHOrO KJjacrepa B IIapy-
BATOMY 3pPasKy 3 CEeKTOPHUMU IPOBIJHVMN BKJHYEHHAMHN B KPYIJIUX IIapax. PosriasgHyTui
BUIIAIOK OJHOPLZHOTO Ta He3aIe;KHOTO POBIOAINY CeKTOPHHX BKJIUEHb Y KOMHOMY IIapi.
OrpumaHi 3HAueHHA NIPOBigHOCTI 3paska 3 BKJKUEHHAM Ta 3HAYEHHA YACTKU IPOBigHOL
dasu y mapi, BraueHOI B HACKPISHUH TPoOBITHMHA KjaacTep, AIA pisHuX HabopiB 3HaueHb
nmapamMeTpiB cucTeMu: umcia IIapiB, uYmcaa BKJOUEHL y IIapli Ta posMipy BKJIIOUEHL Y

© 2022 — STC "Institute for Single Crystals”

mapax.

1. Introduction

Layered systems arise in the most di-
verse areas in nature and are synthesized in
technology. If the layers contain inclusions
with properties different from the proper-
ties of the base material, through volumet-
ric inclusions, for example, conductive
ones, may appear in the sample.

Problems about the probability of occur-
rence of such a conducting cluster and its
structure are studied in the theory of perco-
lation. The theory of percolation describes
such systems with electrical conductivity,
the flow of liquids in media with random
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channels, as well as the spread of rumors in
social networks. Despite a long history, a
significant number of works continue to be
published in the field of percolation. The
theory finds applications in engineering [1],
biology [2], cryology [3].

The behavior of a multilayer physical
system near the percolation threshold, the
magnetization, was studied in [4]. However,
most modern works on percolation in a lay-
ered system are devoted to multilayer net-
works [5—9], where discrete nodes are lo-
cated in each layer. In present paper, con-
ducting inclusions in layers are considered
to be continuous.
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Discrete and continuous percolations are
the main lines in the development of the
theory of percolation. The discrete percola-
tion approach describes the system as a
graph or lattice (for example, a square one),
i.e. consisting of individual nodes and links.
Percolation on lattices is the most devel-
oped, however, continues to be studied [10].
In the discrete approach, studies on the
spread of infections in networks of human
contacts [11-14] and its blocking by immu-
nization [15] are now relevant. In problems
of continuous percolation, the flow in a con-
tinual non-conducting medium with contin-
ual conducting inserts is considered. In clas-
sical problems, the "problem of spheres” is
considered — round inclusions on a plane
and spherical in a three-dimensional case; in
modern ones, percolation with inclusions of
various other shapes is studied, for exam-
ple, cylinders with a common preferred di-
rection of axes [16] or arbitrarily oriented
[17-18]. The inverse problem was also con-
sidered — percolation in a conducting me-
dium, from which cylindrical elements are
"excluded” [19].

In this paper, we will consider a discrete-
continuous system — continuous in the
plane of the layers and discrete in the direc-
tion perpendicular to the layers. In [20], a
layered sample with inclusions in the form
of round "islands”™ was considered. In this
paper, we consider the non-island case of
sector inclusions.

In [21], the results of studying the prob-
ability of formation of a through conductive
inclusion for the problem of sector inclu-
sions are presented. The work presented
here is devoted to studying, for the same
system, the conductivity of the sample and
the composition of the conducting cluster,
i.e., the average fraction of the layer in-
cluded in the conducting cluster.

Among the recent works devoted to the
study of the structure of the conducting
cluster, one can mention works [22-26], as
well as works devoted to the study of the
structure of the percolation cluster of the
urban system [27], an analogue of the cell
membrane, the lipid bilayer [28]. The work
[29] is devoted to the study of a percolation
cluster on a supercomputer; the work [30] is
devoted to the structure of a 4- and 5-di-
mensional cluster.

In contrast to typical problems of the
percolation theory, the paper considers the
case when the inclusions have dimensions
comparable to the size of the system in the
layer plane.
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The inclusions-sectors considered in the
paper are interesting for two reasons: they
are radially symmetric inclusions that can
form when the layer grows from the center
to the edge, and at the same time they are
one-dimensional models. It is useful to con-
sider such one-dimensional models when
constructing a theory; and in this case, they
also turn out to be equivalent to physically
realizable systems.

2. Formulation of the problem

The work is devoted to the study of the
composition of a conductive cluster and the
conductivity of a layered sample with con-
ductive sector-type inclusions in separate
layers.

A sample under consideration consists of
N round layers with n identical inclusions-
sectors in each layer. Each inclusion has the
shape of a sector of size r. The location of
the inclusions in layers is random and inde-
pendent of both the location of other inclu-
sions in the layer and the location of inclu-
sions in other layers.

Let’s define ways of measuring the size
and position of inclusions.

The inclusion size is understood as fol-
lows. The problem under consideration is
equivalent to the one-dimensional problem
of conducting inclusions-segments in layers-
circles. Let us choose the units of measure-
ment of the area of inclusions so that the
problems are numerically equivalent, con-
sidering the circles to be unit, i.e. with a
circumference equal to one. To do this, we
will measure the areas of sectors-inclusions
in fractions of the area of the entire layer,
i.e. we will take the area of the layer as
unity. The sectors are naturally set by the
angle between the radii bounding the sector;
we will measure the angle with a "natural
parameter” — i.e. as a part of total turn-
over. With such methods of measurement,
the angular measure of an inclusion numeri-
cally coincides with its area and numerically
coincides with the length of a segment in an
equivalent one-dimensional problem, both
for an individual inclusion and for com-
bined inclusions that arise when individual
inclusions are superimposed in a layer. We
will talk about the angular measure, the
area of inclusion or the length of the seg-
ment in the equivalent one-dimensional
problem, depending on the convenience and
clearness visibility in a particular context.
This will imply the same value, which is
called above the “"size™ of the inclusion.
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The location of the inclusion is under-
stood as follows. The sector inclusion lies
between two radii, just as the segment-in-
clusion in the equivalent one-dimensional
problem lies between two points on the cir-
cle. The position of the radius will be set by
the angle between the given radius and the
given reference direction. The angle is laid
counterclockwise. The first one, when mov-
ing counterclockwise, the radius bounding
the given sector, we will call the initial or
left radius, the second — the final or right
one. The angle from the initial to the final
radius, counted counterclockwise, is the
same for any inclusion and is equal to the
size r. By a random and independent posi-
tion of an inclusion, we mean a random and
independent position of its initial radius.

The paper considers the case of n sectors-
inclusions size re(0,1] in all layers.

An example of a layer is shown in Fig. 1.

Fig. 1 shows n = 5 inclusions size r = 0.1
in the layer. Two inclusions have crossed —
the boundaries of each can be traced by
measuring the angle observed on non-inter-
secting inclusions. Further, these two inclu-
sions will be included in the through con-
ducting cluster as one common sector
inclusion.

The paper studies the conductivity of the
sample and the composition of the conduc-
tive cluster — the proportion of the layer
substance included in the through conduc-
tive cluster, depending on N, n, r.

2. Conductive cluster and
conductivity

Considering the conductive regions in
each layer, included in the through conduc-
tive connection, as cylindrical resistors con-
nected in series, we can find the conductiv-
ity of the sample.

Let us take as unity the conductivity of
the layer completely filled with the conduc-
tive phase. This is convenient, since then, if
the through conductive inclusion in this
layer occupies an area ¢, then the conduc-
tivity of the layer as a resistor in the chain
of resistors will be equal to c.

We can analytically determine the maxi-
mum conductivity of the sample. The maxi-
mum conductivity of the sample occurs
when all layers are completely composed of
a conductive phase. In this case, the conduc-
tivity of each layer is ¢,,, = 1 and the con-
ductivity of the entire sample of N layers
equal to
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Fig. 1. An example of a layer; dark gray
shows a non-conductive part, light gray —
conductive inclusions, black — radii limiting
individual inclusions.

1
Cmax = cmax/N = ﬁ' (1)

The graphs C(r) Fig.2 below show ob-
tained by modeling averaged values of the
electrical conductivity of the sample, de-
pending on the size of a single inclusion r;
for the number of layers N =2 and N=15
and for the number of inclusions n =
1,2,3,5,10 — the graphs from bottom to
top. It can be seen that the values of the
average conductivity tend to a maximum
equal to C,,, =1/N—-0.5 for N=2 and
1/5 for N =5.

For larger N, the graphs are closer to the
horizontal axis and their analysis becomes
difficult. You need to use rescaled graphs
— with values multiplied by N, then the
maximum for all graphs will be equal to
one. However, the conductivity values C
multiplied by N have their own independent
meaning. The values C - N are equal to the
conductivity values for one layer, averaged
both over the experiments and over the lay-
ers in the sample, ¢ = C - N.

These values coincide with the averaged
part of the layer included in the through
inclusion. These values do not coincide with
the degree of filling, i.e. the proportion of
the conductive part of the layer to the area
of the layer, since not all of the conductive
phase in the layer can be included in the
through conductive inclusion. Some part of
the conductive phase in the layer may not
have contact with conductive regions in
neighboring layers or enter into conductive
clusters that do not reach the boundary lay-
ers, but lie inside the sample or reach only
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Fig. 2. Average conductivity for the samples with the number of layers N = 2 on the left, and N =
5 on the right; in each figure, the graphs correspond to the number of inclusions in the layer n =

1,2,3,5,10, from bottom to top.

one of the boundary layers — the lower or
upper.

This value — the average fraction of the
layer, which is included in the through con-
ductive inclusion, is of great importance
from the point of view of describing the
through conductive inclusion, the conduc-
tive cluster. Further in this section, we will
discuss exactly this quantity — the conduc-
tivity per layer. The conductivity of the
sample as a whole will have the same behav-
ior, only with a smaller value by a factor N.

Fig. 3 shows the graphs: ¢(r) versus the
size of a single conductive inclusion — on
the left, and ¢(s) versus the filling — on the
right; for N =2, and N = 10 top and bot-
tom respectively. The graphs are shown for
n=1,2,3,510 — from bottom to top for
graphs vs r, and marked with different la-
bels for graphs vs s.

The graphs of ¢(r) and ¢(s) for n =1 co-
incide, since the filling of the layer at n = 1
is equal to the size of a single inclusion. For
a given value n, the graphs of the average
conductivity per layer for both N are a
straight line with a unit slope. This is due
to the appearance of a conducting inclusion in
the sample; since the conductivity values are
determined only for such cases, then, with a
single inclusion in the layer, it is guaranteed
to be completely included in this through con-
ductive inclusion, so that ¢ = s = r.

For n>1 larger values of filling, the ¢(s)
graphs are close to a straight line for n = 1,
since at high filling values, all conductive
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regions in the layer merge into one and the
situation is the same as in the case of a
single inclusion: if a through inclusion ap-
pears at all, then the conductive phase in
each layer enters it entirely, ¢ = s.

Note, that the graphs ¢(r) for consecutive
increasing n are arranged from bottom to
top, while the graphs ¢(s), as can be clearly
seen in the figure for N = 10, are arranged
from top to bottom despite the fact that the
set of ordinate values ¢ the same, and the
filling values s versus r monotonically in-
crease. This is due to different rates of in-
crease of s with r for different n. As a result,
at large n, the area of small r expands signifi-
cantly when passing to s, while the area of
large r shrinks; so, for example, for N = 10
and n = 10, about a half of the points of the
¢(r) graph, the points with ordinates close to
one, are projected to one point with s = 1.

The graphs ¢(s) at n > 1 pass under the
line of ¢=s, since at n > 1, part of the
conductive phase in the layer may not be
included in the through connection, there-
fore, the fraction of the phase included in
the through connection, ¢, turns out to be
less than filling (the ordinate of the point is
less than the abscissa). At the same time, the
average fraction of the layer included in the
through inclusion at n > 1 is larger than the
size of a single inclusion, even if the inclu-
sions overlap in the layer, so that the graphs
¢(r) (left) pass over the line of ¢ = r.

Also for large N, there is a jump in the
initial region of the graphs. This is not re-
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Fig. 3. Average conductivity per layer ¢(r) as a function of the size of the individual inclusion —
on the left, and c(s) as a filling function — on the right, for the number of layers N = 2 top and
N = 10 bottom; graphs on each figure correspond to the number of inclusions in the layer n =
1,2,8,5,10, for c(s), they marked with different labels.

lated to the properties of the system, but is
due to the fact that at large N for given
small r or s in all experiments (10,000 of
them were carried out for each r), not a
single sample with a through conductive in-
clusion appeared. It would be possible to
advance into this area by increasing the
number of experiments, however, since gen-
eral course of graphs with N does not
change, the appearance of new effects in
this area is not expected, and an increase in
the number of experiments would increase
the simulation time. However, we will re-
turn to this effect later.
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As you can see, the graphs as a function
of r, change less with changing N, than the
graphs as a function of s; therefore, to save
space, we present the graphs only as a func-
tion of s for the remaining N = 8,5,50,100.
On Fig. 4, the graphs are shown for the
listed N ascending from left to right and
top to bottom.

Comparing graphs for N = 2,3,5 you can
see that the difference between the graphs
for different n increases with the number of
layers N; for large N = 50,100, the "zero
region” occupies a significant part of the
graphs, but from the rest is clear, at least

Functional materials, 29, 4, 2022
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Fig. 4. Average conductivity per layer c¢(s) as a fill function, for the number of layers N =
3,5,50,100 from left to right and from top to bottom, graphs in each fig. correspond to the number
of inclusions in the layer n = 1,2,3,5,10, marked with different labels.

for N = 50, that this trend persists even
with such N, and also that the order of the
graphs from top to bottom in ascending
order of n is preserved.

This order is due to the fact that with an
increase in n, the fragmentation of the con-
ductive phase in the layer increases with
the same filling, so that an increasing part
of the conductive phase can fall out of the
through conductive inclusion. The order of
the graphs ¢(r) from bottom to top is due to
the fact that with an increase in n, the
growth rate of the part of the conducting
phase in the layer with r also increases.
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As mentioned above, it is also seen that
the boundary of the "zero region” shifts to
the right with increasing N. We will con-
sider this issue in more detail later, but we
immediately note that for all N up to very
large, the boundary of the zero region on
the graphs c¢(s) for given N is almost the
same for all n. This property is just for
graphs from filling; on the graphs c(r), the
boundary of the zero region for different n
falls on different r. This is already notice-
able for N = 10 on the graphs above, and
even more noticeable at large N, for exam-
ple, for N = 100, the graphs ¢(r) have the
following form (Fig. 5).
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spond to the number of inclusions in the
layer n = 1,2,3,5,10, from bottom to top.

It is more convenient to analyze in more
detail the change in the type of graphs with N
on graphs for different N at one n in Fig. 6.
As mentioned above, the graph for n=1
does not changes with N and has the form
of a straight line with a unit slope. Con-
sider graphs various N at n = 2,3,5,10.
The following figure 6 shows a series of
graphs for the listed n from left to right
and from top to bottom.

It can be seen that at small n, i.e. small
fragmentation of the conductive phase in
the layer, the graphs for different N differ
little from each other. At n = 5,10 the dif-
ferences are noticeable.

Outside the zero region, the graphs with
n =25 are arranged from top to bottom in
ascending order N: the more N, the greater
the deflection of the graph, as we noted
above. At n =10, the graphs for
N=2,3,5,10. are arranged from top to bot-
tom, but the graphs for N = 50,100, outside
their zero region, overtake at least the
graph for N = 10. Note that the overtaking
by graphs for very large values of the pa-
rameter of graphs arrange for lower values
of the same parameter arrange in a certain
order, we have already noted in [21] earlier
for the graphs P(s). Obviously, such an
overtaking means that at large values of the
parameter, other new mechanisms begin to
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influence the shape of the graph, which do
not appear at small values of the parameter.

It is possible to raise the question of
what part of the conductive phase in the
layer is included in the conductive inclusion
(¢(r) — part of the entire layer), i.e. to find
¢/s. Below, Fig.7, are graphs of this value
against r; are given to save space, the
graphs are shown only for N = 2,5,10,100.

For the reasons described above, the
graph at n = 1 for all N looks like ¢/s = 1.

Other graphs behave as follows. In the
area of small r, the graphs are arranged
from top to bottom in ascending order of n,
from n =2 to n =10, but after the transi-
tion region, the graphs are swapped and ar-
ranged in ascending order of n upwards.
Obviously, this is due to the fact that at
small r, the dominant role is played by the
higher one at large n fragmentation, but
with increasing r, the fragmentation value
decreases, and the total size of the conduct-
ing phase in the layer begins to dominate,
increasing with increasing n.

Graphs at n > 1 differ most from unity
at small r and tend to unity with increasing
r (the conductive phase in the layer tends to
merge into one).

Note that when » > 0.5, inclusions in the
layers necessarily merge into a single whole,
small (~ 0.01) differences from unity in the
position of the graph points at r > 0.5 are
explained only by the fact that the values of
¢/s are obtained as a result of quite a few
computational operations — each with lim-
ited accuracy.

You can also build graphs ¢/s against s;
however, the presence of a calculated
(rather than a control) parameter in deter-
mining the position of points both along the
horizontal and vertical axes makes the
analysis of such graphs unnecessarily con-
fusing.

The zero regions on the graphs, as men-
tioned above, are due to the fact that, with
the appropriate values of the parameters, in
none of the experiments out of 10,000, a
through conductive inclusion was formed.
This means that the boundary of the zero
region approximately shows the value of the
parameter of filling, if we are talking about
the boundary on the graphs from filling s,
at which the probability of forming a
through conductive inclusion is equal to
1/10000. Determination of the correspond-
ing point directly from the probability
graph P(s) is difficult.

The zero region is also on the graphs
c¢(r), however, at different r, and on the
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Fig. 6. Average conductivity per layer c(s) as a filling function for the number of inclusions in the

layer n = 2,3,5,10 from left to right and from top to

the number of layers N = 2,3,5,10,50,100.

graphs from filling it is located in approxi-
mately the same place for all n; i.e. it can
be assumed that for a given number of lay-
ers N the boundary of the zero region is
determined only by the filling value s, but
not r and n separately, and you can raise
the question of the position sy of boundaries
of the zero region for a given number of
experiments as a function of N. On the next
figure 8, the values s5(N) of the boundary
of the zero regions found from the simula-
tion are shown for various N corresponding
to the number of experiments 10000.
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bottom; graphs in each figure correspond to

The smooth curve shows the analytically
found function sy3(N) at 10,000 experi-
ments, proposed from the following consid-
erations.

When only one inclusion is present in
each layer, i.e. n = 1, or when all inclusions
merge into one, the probability of forming a
through conductive inclusion decreases ex-
ponentially with the number of layers, since
to form a through inclusion, it is necessary
that conducting inclusions have contact in
all adjacent layers; and if the filling of a
layer is the same in all layers, then the
probability P of the formation of a conduc-
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Fig. 7. Fraction of the conductive phase of the layer included in the through conductive cluster, ¢/s
as a function of individual inclusion size for the number of layers N = 2,5,10,100 from left to right
and from top to bottom; graphs in each figure corresponding to the number of inclusions in the
layer n = 1,2,3,5,10 are marked with different labels.

tive inclusion in N layers with a given fill-
ing is equal to Py = (P,)N"!, where P, is
the probability of the formation of a con-
ductive inclusion in a sample of two layers
with the same filling or, which is the same,
the probability of contact of the conductive
phases in a pair of adjacent layers. As
shown in [21] in the section studying of the
case of n = 1, the probability Py(s) depends
on filling s at s < 0.5 as
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Py(s) = (25)N1,

at s > 0.5, the probability is equal to one.
Hence, in the case of such an exponential
dependence on N, the zero region boundary,
59, at which the probability reaches the
value 1/10000, would depend on N as

1

(1 W
50,p=1,10004N) = E(loooo)N .
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Fig. 8. Zero region boundary on graphs c(s)
for various N.

When there can be more than one inclu-
sion in each layer, contact between inclu-
sions in each pair of adjacent layers is not
enough, since in some layer, one part of the
conducting phase can have contact with the
previous one, and another part that does
not contact the first one in the layer is in
contact with the next layer; thus, the de-
crease in the probability of forming a
through inclusion with the number of layers
is superexponential.

However, it is the function obtained
above that is plotted on the graph su(INV),
and as you can see, it matches very well
with the points obtained in the simulation.
Differences may be due to inaccuracy in the
definition s, from the graphs associated
with the final step of plotting, and taking
into account the fact that for different n
with the same N, the values s; on the
graphs are slightly different, the value of
s is determined approximately. The values
sg were determined approximately in the
middle of a rather narrow range of the zero
region boundaries for different n.

Such a coincidence suggests that in the
region of very low probabilities, the depend-
ence Py(s) from N at n, other than unity, is
approximately exponential — the same as
for n =1; note, however, that in general
case, the graphs for different n noticeably
differ, so that the studied quantities are
different for different n.

Conclusions

1. The values C(r) of conductivity of the
sample were obtained as a circuit of a series
of resistors; each resistor is a conductive
part of one layer, which is included in a
through conductive cluster. It is shown that

Functional materials, 29, 4, 2022

the values C(r) at r > 1 , tend to the theo-
retical maximum possible for a sample from
N layers, C,,,.(N) = 1/N (Fig. 2).

2. The values ¢(r) of average fraction of
the layer, which is included in the through
conductive cluster, were obtained as a func-
tion of size r of a single inclusion, (Fig. 3).
The functions c¢(r) monotonically increase
from 0 to 1. The values ¢(r) at given r for
different number of inclusions are mono-
tonically increasing with n.

3. The values c(s) of a fraction of the
layer which is included in the through con-
ductive cluster were obtained as a function
of the average layer filling s, (Figs. 3, 4, 6).

a. At n =1, the values ¢(s) match with
c(s) = s, since with a single inclusion in a
layer, the inclusion in each layer is guaran-
teed to be completely included in the
through inclusion.

b. At n > 1, the functions ¢(s) tend to a
straight line, ¢(s) = s at s > 1. The reason
is that with increasing filling, the fragmen-
tation of the conductive phase in the layer
decreases until the conductive regions merge
into one, then the entire conductive phase
enters the conductive cluster, c(s) = s.

4. In the case n > 1 for s < 1, the values
c(s) < s, since the conducting cluster in-
cludes no more part of the layer than the
part filled with the conducting phase.

a. The difference of ¢(s) from s increases
with n, since with increasing n, the frag-
mentation of the conducting phase in-
creases.

b. The difference of ¢(s) from s for vari-
ous N is insignificant for small n. At large
n, the difference increases with N, i.e. ¢(s)
decreases with N for N = 2,8,5,10, but at
very large N = 50,100, the functions c¢(s)
starting from some s overtake c(s) for
smaller N.

5. Dependencies ¢/s — part of the con-
ductive phase in the layer, which is in-
cluded in the through cluster, — were ob-
tained as a function of r, Fig. 7.

a. For n =1, the dependence looks like
c¢/s =1, since ¢(s) = s for the reasons indi-
cated in paragraph 3a.

b. For n > 1, at small r, the values of ¢/s
decrease with n, but at some r, the graphs
for large n overtake the graphs for smaller
ones (at different r for different couples of
n); and after region of overtaking, the
graphs are arranged from bottom to top in
ascending order of n. This is due to the fact
that at small sizes r of individual inclu-
sions, the fragmentation of the conducting
phase in the layer has a great influence,
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which increases with an increase in n, but
for large r, the inclusions merge with the
greater probability, the more n.

6. Values s, of fillings corresponding to
the probability of formation of a conductive
inclusion P = 1/E were obtained, where E is
number of experiments, Fig. 8.

a. For n =1, the values s, as a function
of N were obtained analytically, sy(N) =
1/2(1/E)!/N~1 E = 10000 is number of ex-
periments used in the simulation.

b. It is shown that the values s, do not
depend on n.
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