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1. Introduction
Currently, aluminophosphate or borosilicate 

glasses are used as matrices for the disposal of 
long-lived radioactive waste, particularly com-
pounds of radioactive isotopes of rare-earth 

elements (REEs), actinides, and strontium-90. 
However, the service life of such glasses does 
not exceed 30-40 years [1]. According to [2-3], 
under conditions typical for deep geological 
repositories, borosilicate glass can be subject 
to dissolution upon contact with groundwater 
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Ізоморфні заміщення стронцію на натрій та рідкісноземельні елементи в 
молібдатах зі структурою шеєліту складу Sr1–x(Na0.5Ln0.5)xMoO4, де Ln = La–Lu. 
Є.І. Гетьман, С.В. Радіо

Із використанням кристалоенергетичної теорії ізоморфної змішуваності розраховано 
енергії змішування, критичні температури розпаду, границі ізоморфних заміщень, а також 
визначено області термодинамічної стабільності твердих розчинів Sr1–x(Na0.5Ln0.5)xMoO4, 
де Ln – рідкісноземельні елементи (РЗЕ). Показано, що енергії змішування та критичні 
температури розпаду закономірно зростають зі збільшенням атомного номера РЗЕ. 
Представлено діаграму термодинамічної стабільності, а також куполи розпаду твердих 
розчинів у діапазоні концентрацій від x = 0 до x = 1,0 з кроком x = 0,05. Вони дозволяють 
визначати рівноважні границі заміщення за температурою розпаду, температуру розпаду 
за заданою границею заміщення або області термодинамічної стабільності. Результати 
дослідження можуть бути корисними для іммобілізації радіоактивних ізотопів РЗЕ, 
актиноїдів та стронцію-90 під час захоронення відходів ядерних реакторів, а також у пошуку 
нових неорганічних матеріалів для люмінофорів і лазерів.
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over geological time scales. Meanwhile, exist-
ing regulations require the matrix material 
to ensure environmental safety for more than 
105 years [4]. Such long-term durability can be 
achieved by ceramic matrices based on miner-
als that have demonstrated natural stability 
for the required period, specifically, solid solu-
tions of molybdates and tungstates of alkaline-
earth metals with a scheelite-type structure 
[3]. Therefore, the guidelines and recommenda-
tions issued for International Atomic Energy 
Agency (IAEA) member states propose using 
ceramics based on mineral-like phases for ra-
dionuclide immobilization. According to IAEA 
experts, this approach enhances the environ-
mental safety of radioactive waste storage and 
disposal and thus contributes to the overall 
safety of nuclear energy.

The use of solid solutions rather than individ-
ual chemical compounds allows for the targeted 
modification of thermal, physicochemical, elec-
trophysical, and other properties through com-
position- and temperature-dependent property 
trends. Phase diagrams and even composition-
dependent substitution limits have been most 
comprehensively studied for systems based on 
intermediate molybdates and tungstates of al-
kaline-earth elements, lead, and cadmium with 
the scheelite structure – for example, see [5-
12]. In contrast, heterovalent charge-compen-
sating substitutions, where divalent cations 
are replaced by singly charged alkali metal 
cations and trivalent rare earth cations, have 
been studied to a much lesser extent in pseudo-
binary systems of the MII

1–x(Na0.5Ln0.5)xMoO4 
type (where MII is an alkaline earth element 
and Ln is a lanthanide).

To our knowledge, information on the 
substitution limits and stability regions of 
these numerous systems is limited – see, 
for example, [2, 3, 11, 13–19]. Among the  
MII

1–x(Na0.5Ln0.5)xMoO4 systems, those based 
on strontium molybdates are the most promis-
ing for immobilizing highly radioactive waste. 
This is due to the fact that such solid solutions 
can be used not only for the immobilization of 
actinides but also for radioactive REE isotopes, 
which are similar in ionic size. According to 
[20], REE isotopes may constitute up to 35 wt.% 
of nuclear reactor waste. The ionic radii of Pr, 
Nd, Sm, Eu, and Gd for coordination number 6 
fall within the range of 1.078–1.130 Å, while 
those of Cm, Am, Pu, and U range from 1.110 
to 1.165 Å [21]. At the same time, it is possible 
to co-immobilize radioactive strontium-90 [22]. 

Moreover, solid solutions based on molybdates 
and tungstates, in which alkaline earth ele-
ments are partially substituted by alkali and 
rare-earth elements, may also find application 
as laser, luminescent, and other practically im-
portant materials [11, 12, 14, 19].

However, most publications focus primar-
ily on studying the synthesis conditions and 
properties of materials, without predicting 
their behavior during practical use. It is well 
known [23] that solid solutions are prone to 
decomposition upon cooling, which can lead to 
the degradation of materials based on them, 
altering their properties and making them un-
reproducible. In this regard, it is desirable to 
know the limits of isomorphous substitution 
and thermodynamic stability under synthesis, 
operational conditions, and even during the 
expected storage. Experimental determination 
of substitution limits and stability regions us-
ing X-ray diffraction analysis by the annealing 
and quenching method is complicated by the 
difficulty of achieving equilibrium at low tem-
peratures due to the slow diffusion rate in the 
solid phase, as well as the possibility of partial 
decomposition of the solid solution upon cooling 
from high temperatures. Additionally, the iso-
structurality of alkali-earth metal molybdates 
and sodium-REE double molybdates makes 
their identification challenging.

The lack of sufficient information about the 
substitution limits and thermodynamic stabil-
ity regions of solid solutions forces researchers 
to select material compositions and synthesis 
conditions either by analogy with related sys-
tems or by “trial and error.” Such an approach 
may result in unnecessary consumption of 
expensive reagents and increased research 
time. Hence, it is reasonable to complement 
experimental methods with computational 
ones, which do not have these limitations. As 
an example of such an approach, one can refer 
to studies [24-25] in which the synthesis con-
ditions for samples of the Y1–xScxPO4 system 
were selected based on the calculated results 
presented in [26].

Considering the above, the present study 
aimed to predict the limits of isomorphous sub-
stitutions and the thermodynamic stability of 
solid solutions Sr1–x(Na0.5Ln0.5)xMoO4, where 
Ln = La–Lu.
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2. Initial data and calculation 
methodology

In the crystal-energy theory of isomorphous 
substitutions developed by Urusov, the main 
challenge in determining the limits of isomor-
phous substitutions lies in evaluating the mix-
ing energy (Qmix) [23].

Since the components of the  
Sr1–x(Na0.5Ln0.5)xMoO4 systems are isostruc-
tural, this energy can be calculated as the sum 
of two contributions: one resulting from the dif-
ference in the degree of ionicity of the chemical 
bond in the system components (Qε), and the 
other − from the difference in the sizes of the 
substituting structural units (QR), as expressed 
by equation (1):

Qmix = Qε + QR =  
=1390×m×zm×zx×α×(Δε)2/(2×R) +  

	 + С×m×n×zm×zx×(ΔR/R1)2, kJ/mol 	  (1)
where: m = 2 is the the number of distinct 
structural units in the components within the 
pseudobinary approximation of the scheelite 
structure; sodium and lanthanide ions, statisti-
cally occupying cationic positions in the schee-
lite-type structures Na0.5Ln0.5MoO4, are consid-
ered as one structural unit, and the molybdate 
anion as the second;

zm = zx = 2 are the formal (integer) charges 
of the substituting (zm) and common (zx) struc-
tural units of the components;

α = 1.723 is the reduced Madelung constant, 
calculated by Templeton’s formula [27];

C = 20(2Δχ + 1) is a constant dependent on 
the properties of the components, where Δχ is 
the difference in the electronegativities between 
the cations (taken from [28]) and the MoO4

2– 
anion, the electronegativity of which, following 
the recommendation of [29], is assumed to be 
equal to the electronegativity of the oxide anion 
O2– (3.758). The choice of the electronegativity 
scale from [28], as opposed to those of other au-
thors, was based on the fact that the electro-
negativity values in this scale vary with regu-
lar periodicity: they increase consistently in the 
Ce3+ – Eu3+ series from 1.348 to 1.433 and in 
the Gd3+ –Yb3+ series from 1.386 to 1.479, with 
sharp drops at the Eu3+ – Gd3+ (from 1.433 to 
1.386) and Yb3+ – Lu3+ (from 1.479 to 1.431) 
transitions. These features are associated with 
the electronic configuration of the REEs: euro-
pium and gadolinium have a half-filled 4f shell 
(7 electrons), while ytterbium and lutetium 
have a filled 4f shell (14 electrons). The tran-
sitions from europium to gadolinium and from 

ytterbium to lutetium correspond to the first 
appearance of an electron in the 5d subshell.

n = 8 is the coordination number of the sub-
stituting structural unit in the pseudobinary 
representation of the scheelite-type structure;

RNa,Ln–M is the interatomic distance be-
tween the cation and the tetrahedral anion in 
Na0.5Ln0.5MoO4, calculated from the unit cell 
parameters reported in [30];

ΔR is the difference in the “cation – tetra-
hedral anion” interatomic distances between 
SrMoO4 and Na0.5Ln0.5MoO4;

ΔR/R1 is the relative difference in the “cat-
ion – tetrahedral anion” interatomic distances 
in the system components (dimensional para-
meter);

R1 is the “cation – tetrahedral anion” in-
teratomic distance in the component with the 
smaller cation radius;

Δε is the difference in the ionicity degree of 
the chemical bond in the system components in 
the pseudobinary approximation of the struc-
ture. The ionicity degree ε in crystals was deter-
mined based on the electronegativity difference 
between the tetrahedral anion and the cations, 
according to the data from [31].

The critical decomposition temperatures Tcr 
were calculated within the approximation of 
regular solid solutions using Eq. 2 [23]:
	 Тcr = Qmix/2kN,	 (2)
where k is the Boltzmann constant, and N is 
Avogadro’s number. Since the size mismatch 
parameter ΔR/R1 was significantly less than 
0.1 (Table 1), the calculation of the equilibrium 
substitution limits as a function of temperature 
in accordance with [23] was performed in the 
approximation of regular solid solutions using 
the Becker equation (Eq. 3) [32]:
	 – (1 – 2 x) / ln[x/(1 – x)] = Rg×Td/Qmix	 (3)
where x is the molar fraction of the dissolved 
component, Rg is the universal gas constant, 
and Td is the decomposition temperature of the 
solid solution. The values of Rg and Qmix in both 
latter cases were expressed in calories [23].

The error in calculating the critical (maxi-
mum) decomposition temperature of solid solu-
tions was ±100 K, and the mixing energy Qmix, 
considering the input data’s uncertainty, had 
an error of up to ±13% [23].
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3. Results of calculations and 
discussion

3.1. Energies of mixing of solid 
solutions

Some initial data and calculation results are 
summarized in Table 1 and Figure 1a. As seen 
from the provided data, with the increase of the 
atomic number of REE, the contributions to the 
total mixing energy due to differences in the 
sizes of the substituting structural units, QR, 
change smoothly, increasing significantly from 
1.53 to 21.29 kJ/mol. The contributions to the 
mixing energy due to differences in the degree 
of bond ionicity of the components, Qε (Table 2 
and Figure 1b), are much smaller (ranging 
from 0.48 to 2.01 kJ/mol) and increase slightly 
with increasing atomic number of the REE, 
with two maxima for Sr1–x(Na0.5Eu0.5)xMoO4 
and Sr1–x(Na0.5Yb0.5)xMoO4, which are due to 
the aforementioned structure of the electronic 
shells of the REEs.

According to [23], in general, if the differ-
ences in the degree of bond ionicity between the 
components of the system are less than 0.05, 
the value of Qε will be negligible and can be ne-
glected. This is also because the errors in deter-
mining the electronegativity, which served as a 
basis for calculating Qε, are about 0.05, which 
is significantly greater than the inaccuracies in 
determining the unit cell parameters, on the 
basis of which the QR energy was initially cal-
culated.

In this case, Δε ranges from 0.014 to 0.028 
(Table 2), and the values of Qε are significant-
ly smaller (Figure 1b) than QR (Figure 1a). 
Therefore, for all systems, we neglected the Qε 
values.

3.2. Decomposition temperatures of 
solid solutions

Based on the calculated decomposition tem-
peratures (Td) of the limited solid solution se-
ries, Sr1–x(Na0.5Ln0.5)xMoO4, for substitution 
limits of x = 0.05, 0.10, 0.15, and 0.20 (Table 3), 
and on the calculated critical decomposition 
temperatures (Tcr) (Table 1), the dependen-

Table 1. Some initial data, calculated mixing energies QR, and critical decomposition temperatures of 
solid solutions in the Sr1–x(Na0.5Ln0.5)xMoO4 systems

Ln
R(Na,Ln–M),

Å
χ = ((χ(Na) +  

+ χ(Ln))/2 +  χ(Sr))/2
Δχ =

= 3.758 – χ
С, kJ ΔR/R1

QR,
kJ/mol

Tcr, K

La 3.872 1.158 2.600 124.0 0.0139 1.53 91
Ce 3.854 1.163 2.595 123.8 0.0186 2.74 163
Pr 3.837 1.170 2.588 123.5 0.0232 4.25 253
Nd 3.827 1.165 2.585 123.4 0.0258 5.26 314
Sm 3.807 1.179 2.579 123.2 0.0313 7.72 460
Eu 3.798 1.186 2.574 123.0 0.0337 8.94 533
Gd 3.791 1.173 2.585 123.4 0.0356 10.01 597
Tb 3.775 1.179 2.579 123.2 0.0400 12.62 753
Dy 3.768 1.182 2.576 123.0 0.0419 13.82 825
Ho 3.762 1.184 2.574 123.0 0.0436 14.96 893
Er 3.752 1.186 2.572 122.9 0.0464 16.93 1010
Tm 3.742 1.190 2.568 122.7 0.0492 19.01 1135
Yb 3.738 1.196 2.562 122.5 0.0503 19.83 1184
Lu 3.732 1.184 2.574 123.0 0.0520 21.29 1271

Note: The interatomic distance R(SrMoO4) = 3.926 Å was calculated based on the unit cell parameters 
of SrMoO4 (a = 5.3944, c = 12.02 Å) [33].

Figure 1. Dependencies of the calculated 
mixing energies QR (a) and Qε (b) of the  
Sr1–x(Na0.5Ln0.5)xMoO4 systems on the REE 
atomic number.
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cies of decomposition temperatures on the 
REE atomic numbers have been plotted for all  
systems (Figure 2).

These dependencies allow for the graphical 
determination of the equilibrium substitution 
limits (x) at a given Td or the Td for given sub-
stitution limits [34]. The intersection points of 
the isotherm, drawn from the given decompo-
sition temperature with a vertical line drawn 
from the REE number, allow us to determine 
the composition region where the substitution 
limit is located. Interpolation of the segment 
of this vertical between the two nearest curves 
provides the substitution limit. The calculated 
critical decomposition temperatures for the un-
limited solid solution series of the considered 
systems (Table 1, Fig. 2, curve e, at x = 0.5)) 
range from 91 K to 1271 K and increase with 
the atomic number of REE in the La–Lu series.

3.3. Regions of thermodynamic  
stability

It is known that as the temperature de-
creases, the equilibrium limits of isomorphous 
substitutions decrease [23]. This continues un-
til the diffusion rate becomes so low that the 
reduction in solubility regions practically stops, 
i.e., spontaneous “quenching” occurs, and 
the solid solutions become metastable. When 
studying related systems, it was previously  
assumed [34] that spontaneous “quenching” 
may be close to the minimum temperature at 
which the diffusion rate becomes sufficient for 

forming solid solutions when synthesized from 
the initial substances.

It was previously established [3] that the 
minimum temperature for solid-phase synthe-
sis of a solid solution of molybdate with a com-
position close to Ca0.5Li0.25Gd0.25MoO4, from 
CaMoO4, Gd2O3, and Li2Mo4O13 is in the tem-
perature range of 823 to 873 K, i.e., on average 
around 848 K. This suggests that the tempera-
ture for spontaneous “quenching” upon cooling 
of Sr1–x(Na0.5Ln0.5)xMoO4 solid solutions is also 

Table 2. Some initial data and calculated mixing energies Qε of the Sr1–x(Na0.5Ln0.5)xMoO4 solid solu-
tions

Ln χ(Ln) χ(MoO4) – χ(Na0.5Ln0.5) ε(Na0.5Ln0.5MoO4) Δε*
Qε,

kJ/mol
La 1.327 2.583 0.766 0.014 0.48
Ce 1.348 2.572 0.764 0.016 0.63
Pr 1.374 2.559 0.762 0.018 0.81
Nd 1.382 2.555 0.761 0.019 0.90
Sm 1.410 2.541 0.758 0.022 1.22
Eu 1.433 2.529 0.756 0.024 1.45
Gd 1.386 2.553 0.761 0.019 0.91
Tb 1.410 2.541 0.758 0.022 1.23
Dy 1.426 2.533 0.757 0.023 1.34
Ho 1.433 2.529 0.756 0.024 1.47
Er 1.438 2.527 0.755 0.025 1.60
Tm 1.455 2.518 0.754 0.026 1.73
Yb 1.479 2.506 0.752 0.028 2.01
Lu 1.431 2.530 0.756 0.024 1.48

*Note: Δε = ε(SrMoO4) – ε(Na0.5Ln0.5MoO4); the value of ε(SrMoO4) = 0.780 is defined based on the data 
from [31], derived from χ(MoO4) = 3.758, χ(Sr) = 1.139, and χ(Na) = 1.024.

Table 3. Calculated decomposition tem-
peratures (Td, K) of solid solutions in the  
Sr1–x(Na0.5Ln0.5)xMoO4 systems at substitu-
tion limits of x = 0.05, 0.10, 0.15, and 0.20

Ln
Тd, K, for х value

0.05 0.10 0.15 0.20
La 56 66 74 79
Ce 100 119 132 142
Pr 155 185 205 220
Nd 192 229 253 272
Sm 282 336 372 399
Eu 326 389 431 462
Gd 365 435 482 517
Tb 461 549 608 652
Dy 504 601 666 714
Ho 546 650 721 773
Er 618 736 816 875
Tm 694 826 916 982
Yb 724 862 956 1025
Lu 777 926 1026 1100
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close to 848 K. Therefore, at approximately 
848 K, the diffusion rate is such that not only 
does the solid-phase reaction begin to form 
from the starting materials, but upon cooling 
below this temperature, spontaneous “quench-
ing” of the solid solutions will occur and become 
metastable.

Therefore, it can be assumed that unlimited 
solid solutions of the Sr1–x(Na0.5Ln0.5)xMoO4 sys-
tems, which are stable at temperatures above 
the critical points (Figure 2, above curve e), 
may decompose upon cooling below the critical 
temperatures, forming regions of limited mis-
cibility. This occurs if diffusion rates and time 
are sufficient for the formation and growth of 
stable nuclei of a new phase.

Solid solutions containing REEs from La to 
Tb will be thermodynamically stable above the 
critical temperatures and metastable below 
them – i.e., they are unlikely to decompose at 
any temperature.

Solid solutions containing REEs from Er to 
Lu will be thermodynamically stable above the 
critical temperatures, unstable in the tempera-
ture range between the critical temperatures 
and ~848 K (where decomposition into two 
solid solutions may occur), and metastable at 
temperatures below ~848 K.

For each Sr1–x(Na0.5Ln0.5)xMoO4 system, 
decomposition temperatures were calculated 
over the composition region 1.0 > x > 0 (in in-
crements of x = 0.05) and dependences of solu-
bility limits for isomorphous substitution were 
built (Fig. 3). These dependences allow us to 
more accurately graphically determine the de-

composition temperature at a given substitu-
tion limit or the equilibrium substitution limit 
at a given decomposition temperature for each 
specific system and to identify thermodynami-
cally stable regions.

Continuous solid solution series are thermo-
dynamically stable above the peaks of the de-
pendences of solubility limits for isomorphous 
substitution. Two regions of limited miscibil-
ity exist below the peaks but above the curves. 
Below the dependencies, mixtures of two solid 
solutions based on each component of the sys-
tems are expected to form.

3.4. Comparison of the calculated 
results with literature data

To our knowledge, the literature contains no 
data on the critical decomposition temperatures, 
solubility limits in cases of partial miscibility, or 
the thermodynamic stability of solid solutions 
in the Sr1–x(Na0.5Ln0.5)xMoO4 systems. Previ-
ous studies [19, 35] have focused mainly on syn-
thesis conditions and specific properties of solid 
solutions where Ln = Nd and Eu, with synthe-
sis temperatures falling within the thermody-
namically stable regions predicted in our work. 
In particular, in the Sr1–x(Na0.5Nd0.5)xMoO4 
system [35], single-phase scheelite-type sam-
ples were synthesized at 1073 K for x = 0–1.0, 
with unit cell parameters decreasing system-
atically as the neodymium content increased. 
This trend suggests unlimited miscibility of 
the components and is consistent with our cal-
culations predicting a continuous solid solu-
tion series stable at the synthesis temperature 
and down to the critical value of 314 K, below 
which they can persist as a metastable phase. 
Similarly, in the Sr1–x(Na0.5Eu0.5)xMoO4 sys-
tem [19], single-phase scheelite-type samples 
were synthesized at 1023 K for x = 0–0.6, with 
unit cell parameters systematically decreas-
ing with increasing Eu content. This behavior 
is also consistent with our predictions that the 
Sr1–x(Na0.5Eu0.5)xMoO4 solid solutions remain 
thermodynamically stable at the synthesis tem-
perature and down to the critical point of 533 
K, below which they may exist as metastable 
phases.

4. Conclusions
1. Within the framework of the crystal en-

ergy theory of isomorphous substitution, the 
mixing energies (interaction parameters), criti-
cal decomposition (stability) temperatures, and 
substitution limits were calculated, and the 

Figure 2. Decomposition temperatures of solid 
solutions in the Sr1–x(Na0.5Ln0.5)xMoO4 systems 
as a function of the rare-earth element atomic 
number (thermodynamic stability diagram) for 
substitution limits of x = 0.05 (a), 0.10 (b), 0.15 
(c), 0.20 (d), and 0.50 (e).
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thermodynamic stability of solid solutions in 
the systems Sr1–x(Na0.5Ln0.5)xMoO4 (where  
Ln = rare-earth elements) was assessed.

2. It was shown that in these systems, as 
the atomic number of the REE increases, the 
mixing energy values systematically rise from 
1.53 to 21.29 kJ/mol due to an increase in the 
size mismatch parameter ΔR/R1 from 0.0139 to 
0.0520, which is due to the growing differences 
in the sizes of the substituting structural units 
(Sr and REEs).

3. It was established that the contributions 
to the total mixing energy Qmix caused by dif-
ferences in ionic radii (QR) exceed those caused 
by differences in ionicity of components (Qε), 
making the latter negligible.

4. The critical decomposition temperatures 
of the solid solutions increase proportionally 
with the mixing energy, from 91 K to 1271 K.

5. A thermodynamic stability diagram was 
built for all Sr1–x(Na0.5Ln0.5)xMoO4 systems, 
as well as the dependence of the solubility lim-
its on isomorphic substitution in the concen-

tration range from x = 0 to 1.0 with a step of  
Δx = 0.05. These diagrams allow one to graphi-
cally determine the decomposition temperature 
for a given composition, the limit of equilibrium 
substitution at a given decomposition tempera-
ture, and also to estimate thermodynamically 
stable regions over a wide range of composi-
tions and temperatures.

6. The predicted results regarding isomor-
phous substitution are consistent with previ-
ously reported experimental data in the litera-
ture for the Sr1–x(Na0.5Ln0.5)xMoO4 systems 
with Ln = Nd and Eu.
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Figure 3. Dependences of solubility limits for isomorphous substitution in Sr1–x(Na0.5Ln0.5)xMoO4 solid 
solutions (1.0 > x > 0): (a) Ln = La, Ce, and Pr; (b) Ln = Sm, Gd, and Tb; (c) Ln = Dy, Ho, Er, and Tm.
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